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Abstract

Lateral and angular distribution functions of the electron showers are
derived analytically with and without the Landau approximation including
jonization loss. Tables and the numerical results of these functions are
presented, and their results are applied to the analysis of high energy cosmic
ray phenomena.

Relations between the present theories and the others are discussed
critically, and it is shown that the other theories can be regarded as
special cases of our theories.

§1. Introduction
§2. Approximations and assumptions made in our calculations
§3. Structure function under the Landau approximation
§4. Structure function without the Landau approximation
§5. Lateral distribution of the energy flow of shower particles
§6. Applications of our ktheory to the cosmic-ray phenomena
§7. Discussions and summary
Appendices
I. Approximate formulae for our structure functions
II. Effect of the variation of the air density on the structure func-
tions
III. Numerical calculations of the structure function near the core
for the finite incident energy
IV. Numerical evaluations of IN(p, q, s, )

§1. Introduction

Many ingenious works on the theory of electron-photon cascades have
hitherto been developed, by which the fundamental behavior of cascade
showers have been made clear to a great extent in last two decades. In the
earlier stage of the shower study, rather indirect proofs on the applicability
of the theory were furnished by comparison of one dimenshional cascade
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theory with experiments of the cosmic rays.

However the recent improvements of the experimental techniques and
the accumulation of the data have required the three-dimensional treatment
of the theory of the cascade showers. The accurate knowledge of the lateral
distribution of cascade showers becomes indispensable in the analysis of
extensive air showers and other cosmic-ray phenomena at high energies.
Several works have been made along this line,®” but their applicabilities to
practical purposes seem to be limited.

Moliére’s lateral structure function® is the one. which has been exten-
sively used for comparison with experiment, but the approximations made
in his theory seem to be inadequate for practical application. The func-
tion was derived numerically as a solution of the Landau equation in the
approximation A.* For the contribution of the low energy particles, he
used Arley’s approximation, which is known to be inaccurate in the low
energy side. In addition to this, his function is limited to the region of
shower maximum, and it is more or less inconvenient for practical appli-
cation. -

In the theory of Roberg and Nordheim,” the low energy particles
were treated accurately, but only the second moments of the structure func-
tions were obtained instead of the functions themselves.

Eyges and Fernbach,” and Chartres and Messel?. obtained the strac-
ture function in a more accurate way, but, as will be shown later, the ap-
plicability of their theories is still limited. g

In our previous papers,” a mathematical method was developed to get
the solution of the Landau equation including ionization loss. Then, the
lateral and the angular structure functions of a cascade shower at any
depth were obtained analytically in the approximation B In this paper a
further development of our theory is presented, and the theory is further
extended to get the solution without using the Landau approximation.

The lateral distribution of “the energy flow” of shower particles is
also useful for the analysis of extensive air showers. It is the lateral dis-
tribution of the energy density contained in shower particles. The analy-
tical solutions are derived, and the numerical calculation is carried out at
shower maximum. ,

Application of our theory is made to the analysis of the extensive air
showers and the electron showers observed in photographic emulsions.

For the analysis of the extensive air shoWers, the effect of the varia-
tion of the air density on the lateral structure function is calculated, and
the second moment of the lateral structure function thus derived in the
isothermal atmosphere is compared with the one in homogeneous matter.

The distribution of shower particles near the shower axis is closely
related to the core structure of extensive air showers, Thus the character-
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istic features of the structure function at small distance from the axis are
carefully examined in Appendix I.

§2. Approximations and Assumptions made in Our Calculations

The electrons in a cascade shower suffer the deflection by the Coulomb -

scattering in traversing the matter. Hence the shower spreads side-wise
when it develops through the matter. The spreads due to the deflections
in the radiation and pair creation processes are known to be negligible
compared with the contribution of the Coulomb scattering except at the
biginning of the shower development. Thus the three dimensional cascade
theory can be constructed from the one dimensional cascade theory and
the theory of multiple Coulomb scattering of a particle. For the one dimen-
sional cascade theory, we refer to Approximation B in reference 4.

The details of the approximation B are as follows.

In this approximation it is assumed that electrons lose their energy
only through radiation and ionization processes, and photons by pair crea-
tion process. Other electromagnetic interactions such as Compton scatter-
ing and trident formation by electrons are neglected.

For the probability of radiation and pair creation processes the Bethe-
Heitler cross sections for the complete screening are adopted. Ionization
loss of an electron is assumed to be independent of the energy of the elec-
tron, and is equal to ¢ per radiation unit.

These assumptions are approximately justified without introducing a
serious error for high energy particles and for media of low atomic num-
bers. Since the limitation of this approximation has been repeatedly ex-
plained in many papers,”” we will not reproduce it here.

The probability for an electron of energy E traversing one radiation
length of matter to emit a photon of energy between Ev and E(v+dv) is
given in the case of the complete screening by

ga(v)dv:[l +(1—p)2— (1~v>(_§——2bﬂdu/v, 2-1)

where b=1/[181n(183 Z-/3)] and Z is the atomic number of traversing
material.

The probability, yr(u#)du, for a photon of energy W traversing one
radiation length to produce an electron pair, in which the positron has the
energy between Wu and W(u+du) is given in the case of the complete
screening by

a#(u)du:[uu (1~u)2—(-“§—~2b>u(1_u)}du. (2:2)

The total probability for pair creation per radiation length is defined by
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me/W

(W)= [ ""Vewdu, (2-3)

and, from the formula (2.2), is given by
s(W)=00=(7/9) — (b/3). (2-4)

It should ke noticed here that, the above cross sections have the frac-
tional forms which does not depend explicitly on the energy of the particle,
but only on the ratio of the energy of the incident particle to that of the
secondary particle. We can thus apply the Mellin transformation to get
the solution of the cascade equation.

Recently the limit of applicability of the complete screening cross sec-
tions at very high energies has been critically discussed by Landau and

Pomeranchuk.” They pointed out that, at very high energy, the path length

of an electron which is effective in the collision process becomes so long
that the interference effects of the adjacent atoms should be taken into
account, and that the cross section should decrease in the high energy
region.

Even if the cross section should fall off at very high energies, the

average energy of shower particles would soon decrease by orders of mag-
nitude by the rapid multiplication of particles. Thus these effects, if
exists any, should concern only the beginning stages of shower develop-
ment and the overall behavior should suffer little change.
‘ Let n(E,r,0,t)dEdrdd be the average number of electrons with
energy between E and E+dE travelling at an angle (6, df) with the
éhower axis at the position (r,dr) at the depth ¢, and r(W,r,0,t) dWdrdf
the corresponding quantity for photons with energy between W and
W+dw.

In the electron-photon cascade, the number of electrons with energy
(E,dE) changes in a given thickness df by the following effects;

(a) The photons with energy (W, dW) at the depth ¢ produce the elec-
trons of energy (E,dE) in a thickness df. The number of these elec-
trons is given by

dEdt ZJ:r(W, t)«[r(E/W)dW/WszdtZI:T(E/u, O (w)du/u,
(2+5)

where Yr(u)du is the differential pair creation probability given by (2:2).
The equation (2+5) is written in an operational form as

B'y. (2+5a)

(b) The electrons in the energy interval (E, dE) escape this interval
by the radiation loss, and the electrons with energy E’ larger than E fall
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“into this interval alse by the radiation loss. The net change is

dEdt [-J‘}(E, De(W/E)dW/E+ J }(E', t)cp(E'—E/E’)dE’/E]

—dBat[[ —w(B D+ (B0 ]ewd.  (@26)

where ¢(v)dv is the radiation probability given by (2¢1). The equation
is also written in an operational form as

—A'z. (2+6a)

(¢) An electron loses an amount ¢ df of energy in a thickness df by
the ionization process. Then n(E-+dE) edt electrons enter the interval
(E,dE) and =n(E) e dt electrons escape this interval. The net variation
in the number of electrons by ionization loss is

{#(B+dB) —n(B)}e di=e 2% aEar. @-7)

Consequently, the variation in the number of electrons can be ex-
pressed by

LB j TCE/u, £y () dufu

T_1 on
+ IO[ 1=y (E/1—0, 1) —=(E, t)]¢(v)dv+e 55 (2.8)

Correspondingly, the variation in the number of photons can be expressed
by

1
G~ [ m W e dv/o—aa W, 1), (2+9)
where ¢, is the total cross section of pair creation given by (2+4).
Then, the diffusion equations for the one-dimensional cascade showers
are given in an operational form as

g; =—A'n+ B'r+e g}} , (2+8a)
—%=C'n~dor. (2+9a)

Let us next consider the lateral and angular variation of electrons by
the Coulomb scattering in traversing a thickness df.

Let 6(0)df be the probability that an electron is scattered through an
angle (0,d0) while travelling a given thickness. The variation in the
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number of electrons in the spatial and angular intervals (r,dr) and (8,d8)
is obtained as follows.

(a) An electron at a position (r,dr) travelling in the direction 8 with
the shower axis suffers the lateral displacement 8d? in thickness df. Then,

an- electron at r at the depth ¢ will be at r+60dt at the depth ¢+ dt.
Hence

n(t+dt,r,0)==(t,r—0dt,0)

—n(t,r,0)—0dt-0" (2+10)
or

(b) An electron travelling in the direction (8,d6") at the depth ¢ will be
scattered into (#,df) by the Coulomb scattering. Then the variation in the
number of electrons within an interval (8,d@) caused by the scattering
while travelling the thickness df is given by

dt[ f "5(0—0")7(0")d6’ - ffgw')do'n(o)], (2-11)

or, in an operational form, by

o'm,

Thus the basic diffusion equations for the three dimensional cascade
theory are:

or KL A ’ ) Om
67‘ 67’ Y A S .
5t~ +8 or =C'm—dor . (2-13)

The probability for an electron of being scattered by the Coulomb field

of a nucleous, assuming the point charge distribution, is approximately re-
presented by*

_ 1 E, \: df .
o) A= (18127 ( B > o (2+14)
where E=2n(137)Y2m,.c2=21MeV .

The finite size of the nucleous and the screening of the Coulomb field by
the outer electrons, will make the probability smaller than that given by

the formula (2+14) for large and small ¢ respectively. Thus, Williams®
approximated the probability as follows:

0'(0>d0=0 0<0min’
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0(0)df=the formula (214) Omin<0<Omax,
and s(0)dd=0 0 >0max,
where Omin=72/a,
Omax=72/d,

and 27% is the de Broglie wave length of an incident electron, d the radius
of the charge distribution of the nucleus, and “@’’ the Bohr radius of the
atom.

Comparison of this expression with the experimental data was made
by Stanford group.'” Although this approximation is only a crude one, we
take this expression to start with in the treatment of the spread of an
electron shower.

Following Williams, =(¢,8 +8) is expanded in the Taylor series of &,
and the formula (2-11) then becomes

at [ {n @) +070 o) + ) pin () + - fo@dsr

_ I ff(())a(a')do']. (2+15)

Because of the axial symmetry of the scattering probability, the second
term in the series in (2+15) vanishes. The third term is equal to the
mean square angle of the scattering, i.e.,

J‘c—o(o/)zo-(ol>d0/ J‘ama}{(ﬁ )20'(01)271.'0’(10,

_ (EJ/E)? Omax

= ln<1812_1/3) 11’1 amin , (2'16)
where E =21 Mev.
Taking In— Omax 15 (181Z-v3), as given by Williams, the formula (2+16)

becomes T(ES/E)?
Then the equations (2.12) and (2¢13) become

o . a . E2 . o=m
(W+0ﬁ)n=——An+B Tt Y Pt t R (2417)
(66t +05- ) =C'n—dyr. (2-18)

These are referred to as the Landau equations. Those withou! the
above expansion for the scattering are referred to as the equations “without
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Landau approximation”, the detailed description of which will be given in
a later section.

A §3. Structure Functions under the Landau Approximation

A) Mathematical treatment

In our previous paper,” a mathematical method to get the analytical
solution for the angular structure function of shower particles was present-
ed. Similar treatment is also possible for the lateral structure function,
although it was not presented there. Thus, it seems desirable to give the
details of this method in this section.

As shown in the previous section, the Landau equations including ioni-
zation loss is given by

9 o E2 (& @ on
(61‘ +06 )TC-'—ATE"FB 7+ 4E2(602 + 562 )n—{-s 9 (3-1)

0
(a—l‘ +0'6_"“)T=C'7E—0'o'f- (3:2)

KIn order to get the solution of these equations, functional transforma-
tions are used as in many problems of the similar type. Multiplying the
both side of the equations (3+1) and (32) by exp (¢(rx)+:(6<)) and
integrating with respect to r and 6, we get

0 E2
(g )f=—AS+Bg—Sips fegpf,  (31a)

o 0
(TGT'x"a’E)g:C’f—aog, (3:2a)

where f and g are the Fourier transforms of = and 7y, which are defined
by

flx, €)= 47r2 fjjjn(r 0) i+ drdp, (3+3)

P ” [r, 0y (3+4)

and the vectors x and ¢ have the components (xy, x,) and (&;, ;) res-
pectively.
Eliminating g from the above equations we get
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0 0 ( Ei¢? )
,‘<‘a?"x—a?+"°) —4E teop )/ O (3:5)
Since the lateral structure function of electrons 7n,(E,, E, 7, 1) 2nrdr
is given by ngzﬂn(Eo,E, r,0,1) 27040, it follows directly from the for-

mula (3-3) and (—?:4) that

%o(Eo, E, 7, )= [ [ f(x, 0)dx= [ “f(x,0) Ju(ar)2mxdz, (36

where [, is the Bessel function, and x= (x;+x2)? and 7= (¥'+ y%)%.
Similarly the angular structure function is given by

m(Eo, B,0,)= [ (0,0 Jo(¢0)2nCdC. (3D

Thus we have only to get the solution of f(x,0) from equation (3+5)
in order to obtain the lateral structure function. We can not, however, put
¢=0 immediately in equation (3+5), because in this equation there exist
the derivatives with respect to €. Taking the direction of the vector ¢ to
be parallel to x, the equation for the function f(x, &, {,=0) is given by

o 7o) vavo (5 “"“gﬁ)““l"’o B'C)| £(&:=0)

=(—56t x“gEer%)( ?ECJ OE >f(C2 0). (3:8)

Here we introduce the variables § and ¢’ defined by
t=t'

and Ci=x(E—1).

Then, we have

0 0 L0
of ot " ocC, -

The equation (3+8) now becomes

{or+ (Aol (Mo B e} s
:<g—z'“+"°)[’q€§i (€=t e gE ]f (3+9)

As shown by Landau Rumer,”™ one-dimensional cascade function
under the boundary condition corresponding to a single incident electron of
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energy E, is given by
nm g [ds( B0 Y L (Hi(©en o'+ Hu(s)e ),
where all notations are the same as those in reference 4, and s is a complex

variable and the path of integration runs parallel to the imaginary axis.
This is just the solution of equation®

[t (4 o) 2t (Ae— B =0,

which is given by putting E; and ¢ zero in the equation (3+9). Thus, we
get the solution of the equation (3:9) in a successive manner, i.e. in a
Eix?
4E?

g o () S 5 (o) (5o #nnts D], 310)

where ¢, is given by the equation

power series of and (¢/E), and it is given by

[ 6 + (A(s+2'm+n) + 6())_“' + (AO'O BC)S+2m+njmm n

or?
0 :
(200 {(E=1)20nes, at (5524 1) 0, 1ms} (3:11)
with On,n=1m Op, ,,

(E-£)>0

A, B and C are defined by
A’ E-GramintD) — p-(seamintD A (s +-2m+-n),
B E-(sramn+d . f-Gramintl) B( g4 29y +71),
C' E-Graminit) — B-GraminiDC(s+2m+1n),

and A(s) = ( +0027>(—g—1n1“(s+1)+05772 1+_il)
; (s+1)1(s+2) (3-12)
B(s)= 2( (s+12.)3?2+3))’ (8:13)
,;0:0.7733 : (3+15)

*) Hereafter we write ¢ instead of # for brevity..
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The numerical values of A(s), B(s) and C(s) are given in reference 4.
0,,, satisfies the following equation

(G + {A® + e} -0 + A0~ BSIC(S) Jom0=0.

Then it follows that

Do 0=Hi(s)eM " + Hy(s) e, (3-16)
—_ Got+4(s) — __ %ot 4(s) .
Hl(S) —'M9 H2(S>— m ’ (3 17)

Al(s)=—;—[~(A(s)+ao)+{(A(s)—60)2+4B(3)C(s)}*l (3-18)

and

w© =5 ~(4®+a)-{(4®-w) +4BCE] @19
Further (3+16) satisfies the boundary conditions |

Ooo(s,0)=1,  -2000($ 1)

o7 =—A(s), (3:20)

£=0

corresponding to the shower initiated by a single electron of energy E,.
The solution of equation (3¢11) is now given by the recurrence for-
mula:

O, n(5,E—1, 1) = I:wo,o(s+2m+n, =) {(E— 1) 20y, u(s, E—E,8")
+ (S 2+ 1) 0 ni(s, E—F, )} dE’ . (3:21)

This can be proved simply by substituting (3¢21) in (3+11). From the
formulae (320) and (3:21), we find

2'T' (s+m~+n+1)fsme
3r(s+1)r'm+1)r(n+1)

= #0,0(s, £)|2°(4/3) "8 tam (3+22)

¢m,'n$l¢(),0(sy t) |

for any values of s and £, in which |¢o, (s, #)| is the largest value of ¢o,,(s,
') in the region where {' varies between 0 and ¢.

Then it follows that the double series in (3+10) is uniformly and

3
absolutely convergent if E>£%C—t— and E>8e¢t, and the above argument is

merely a general extension of the one given by Bhabha-Chackrabarty.”

Now, as was shown in our previous paper, we introduce the Mellin
transforms, M, (p,q, s, ¢), of the function F(a,B,s,t) and put
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_ ¢m,n(3, t) .
WeaCmm, s D =pe S +1) (3:23)

Then the double series in (3¢10) can be written as

= 3(- EFf‘f | )m<—- = )“qsm,n(s, £)

m=0 n=0

< Esx2 _

gt
- j j T1ET "F F(a, B, s, H)dadB . (3+24)

Moreover, it follows by the inverse Mellin transformation that the formula
(3<24) becomes

o oo _ ixz 'm:(—-e_—)n
ngon:zo( 4E> ) )o b, n(S, 1)
aEix?

1 ”dadﬁe AR ”dpdqs‘m?(p’q’s’t)- (3+25)

aPripet

Since the double series is uniformly and absolutely convergent for

; e 3 . -
E> ngt and E>8¢t, we can change the order of the integrations under

these conditions. Then we first integrate with respect to B in (3+25).
Next applying the inverse Bessel transformations and integrating with re-
spect to «, we get finally

| Pavin ) 3 (&)

—foo

x (%)Q(%Z—)‘”_‘rwrl)r( —OWMe(p g5 D). (3:26)

The restrictions E > sxt and E >8¢t can be dropped now, because (3+26)

exists for any value of E and ». Now it can be stated that (3:26) is the
exact solution of the differential lateral structure functions for any value of
E and 7 derived by the principle of analytic continuation. The expression
for the integral lateral structure function, I, (E,, E,7,t), ie. the lateral
structure function for the electrons with energy larger than E, is obtained
by the integration with respect to energy, and given by

w2 RN ()

XTC(p+DT (—@OMe(p, ¢, 8, ) . (3+27)
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At the limit for E=0, the integration with respect to ¢ is equal to
‘the residues of the integrands at g= —s—2p, and we have accurately

=~ g a5 ) ()

XxT(p+1) (s+2p)We(p,—s—2p, 5, t) . (3+28)

Total number of the electrons is now obtained by the ntegration of I,
with respect to », and we find

[(1.E, 0,7, 20rdr = S [ as(E2 ) T ()Wa0, —s,5,0), (3:29)

wihch is the same expression as that obtained by Snyder'® in the one-
dimensional shower theory.

Similar treatments are also possible for the analytical solutions of the
structure functions for photons, which are sometimes important for the
analysis of the spread of extensive air showers detected by the apparatus
under a thick absorber. It can be shown easily from the equation (3:2),
using the transformation (3-9), that

g(x £=0)= lim ;C’e-"o“—“)f(x, Ci=x(6—1), C=0)dt . (3+30)

Similar expressions to (3+26), (3+27) and (328) are obtained for the
differential and integral structure functions, 7, and I'; respectively, for

photons.
At the end of this section, we summarize the results satisfying various

initial conditions.

B) Analytical solutions.

" (a) Structure functions at depth t for the shower from a primary
electron of energy E,

(1) Angular distribution functions for the electrons and photons

st | [esavaa BV 3BV () (50)

XxC(p+DIr(—@)W(p, q, s, 1), (3+31)

mce.0a0- & [ Y (55

XT(p+1)I (s+2p)M(p, —s—2p, s, 1), (3+32)

"1(Eo, E, 0,t)=
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where M, is given by

(o

LW+ {A(s+2p-{—q) +60{%+A(S+2ﬁ +g)o,— B(s+2p+q)

XC(s+2p+0) [Ma(pa, 5,8)

(ait +o )wgﬂl(p- 1,q,8t)+(s+2p+q)gW(p,9—1,5 )}
(3+33)
with
M, (0,0, 5, £) = H,(5)eM @t H,(s)e ", (3+34)
e \¢ 2g2\ —r-1
i 0.0k [ a5 3 (B () (%)
X (p+1DI'(—q)Mi(p, g, 5, 1), (3+35)
_ 1 E W\ e\
I'(Eo, W’a’”*‘ f”d” p qs+2p+q(VI;>(Es)'\W)
() T DT (- Wp 0,51, (3:36)
where
Wi(p g s 0)= JC (s+2p+ e =" M(p, g, 5, 1)L, (3:37)

(2) Lateral structure functions

The expressions for m,, I, r, and I', are obtained by substituting 7,
M,, and My in 6, WM, and M; in the expressions for =y, II;, r; and I'y
respectively. Here

mz(l’, q, S, t) =2.11T)1 M(p’ q, S, t: é—t) ’
(E—=t)>

De(p,q,st)= IZC(erZp +q)e " M(p, q, s t, t—t")dt,

and

[+ A+ 20+ ) o0} -B+ Als 204 0)00— B(s+2p+0)

XC(s+2p+0) |M(p,q, 5,86~ =
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=(§—t +ao){p<e—t>2M<p—1, 056 E—1) +(s+2p+q)
XqM(?: 4—1, S,t,E"’t)} (3'38)
with
M(0,0,s,t,&—t)=H,(s)eM + H,(s)e" (3+39)

(b) Structure functions at depth ¢ for the shower from a primary
photon of energy W,

(1) Angular structure functions

The expressions for =, (W,), I,(W,), r1(W,) and I'y(W,) are obtained
by substituting W, %, and % in E, M, and W in the expressions
(3+31), (3:32), (3+35) and (3+36). Here N, satisfies the same equation
with 9%, but the boundary condition is given by

%1(0, 0, S, t) — _Hg% {eAl(s)t__e)\z(s)t} (3.40)

and

Ri(p 058 = | Cls+2p+ Qe =Fu(p,q, 5 O)dF

(s
+Hhim e e+ 1) 0

—1’+qe-auc . (3.41)

(2) Lateral structure functions

The expressions for (W), H(Ws), 1.(W,) and I'y(W,) are obtained
by substituting 7, W, 9, and ; in 6, E,, M, and WM, in the expressions
(3+31), (3-32), (3+35) and (3+36). Here

Ro(p, g, 5 ) =lim N(p, ¢, 5,8, 6 1),
i(p, a5 1) = IOC (s+2p+q)e"~"N(p, q,s,t,t—t)dl’

"(r+5)
+hm7"?r(p+1—) G-PHg-oyt (3.42>

§->0
and N(p,q,s,t, E—1) satisfies the equation (3+38). The boundary condi-

tion is given by

. __ _____B_(_s_)____ A __ pA,(8)
N0, 5.1, 6= =3 =5 {e e }
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Now as the analytical expressions for the structure functions are obtain-
ed under the various boundary conditiohs, all the problems concerning the
spread of cascade showers can be treated within a limit of our approxi-
mations. ’

For instance, the expression of the structure function near the core
can be derived easily from the above formulae by using the poles appear-
ing the integrals with respect to p. Integration with respect to s is per-
formed by the saddle point method. Then the structure functions near
the core are given by

me~—t - for 2-5-2-0
A in Approximation A,
7, ~constant for 2—§5— %<0 (3+43)
where S is defined by the equation
QL 4 1n(Eo/E) +In(Er/E) =0, | (344
My~ for 2—5>0
r in Approximation B
IIy~constant  for 2—35<0 (3+45)
with
——‘—Wla(ss | 4in(Eofe) +In(sr/E)=0, (3-46)
1 . —-
To~— for 2—5>0
r in Approximation A
ro~constant for 2—35<0 (3+47)
with
QU] 1 10(E,o/E) +In(Er/ED =0, (3-48)
ry~=B7  for 2-5>0
r in Approximation B
I",~constant for 2—35<0 (3-49)
with
ﬂ%ﬂ—t_ +In(Eq/e) +In(er /EH =0, (3+50)
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At the limit for E,—>co, all s’s here defined agree with the shower
age usually used in the one-dimensional shower theory. The behavior of
the structure function near the core derived by Moliére, Pomeranchuk and
Migdal'® can be said to be included in the above formulae as the parti-
cular cases and further details of our functions near the core will be dis-
cussed in Appendix IIIL

C) Numerical results.

Since we are most interested in. the integral structure function of elec-
trons, the method of evaluation of the complex intergral (3¢27) is shown
as an example. Similar treatments are also possible for the evaluation of
other structure functions. '

It is sometimes convenient to introduce the normalized structure func-
tion, which is defined by

Pu(Eo0,7,8)= T2
Io H227trd7’ ’

(3-51)
so that
[ Pu(Eo 0,7, 207 dr=1. (3+52)

It follows from (3.28) and (3¢29) that
PH2(EO, 07 ra t)

—-p-1

27}% ﬂdsdp(%ﬂ)s(%)z(%?) TCp+ DT (s+20)Ds( p,—5—28, 5, £)

J”“ ds <_E_°~>SF(S)W32<O, -8, 8, 1) (3+53) .

5

For the sake of simplicity, here we treat a limiting case in which
E,/e—co. In this case, the integral with respect to s can be carried out
by the saddle point method independent of the integral with respect to p.
Hence, (3+53) becomes

P-Hz(OO, 0; 7', t)

foo \2f g2p2 \~P~1 Lo - _
;2?%% Cap( 5 () TG DTG 2p (5, 521,51
B res)M,0, —s,s,8) ’
(3-54)

where s is the shower age and is defiend by

In(Eo/e) + 4 (3)t=0. (3+55)
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10

\

| N\

|

Ph,

10-5
- 0.01 , 0.1 1.0 10

Er/Es

. . . . Er \s2 .
Fig. 1. Normarized integral structure functions, s Pr,, at a few different
Es 2
ages in the approximation A. (See Table 1, p. 113.)
Pi1, is normarized as

o) e 2 (),
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The integral with respect to p can also be evaluated by the saddle point
method. Writing

U ErO=(p+ 1T (s+2p)W( p, —5—2p, 5, ¢) , (3+56)

the saddle point 7 is determined by the equation

—2In(er/Ey) +¥M—;’p&—t—>~~20 .

Then we get

(r/r1)* 8Py,

1.0F
$=0.6
10~ -
N
S
\ |
\
\
\
\
10-2 \
\
\
\
AY
\
\
\ ,
10- \
\
\
10+ ALY
10- : 10-2 10 1.0 10

_ r/r
Distance from the shower axis in Moliére units

Fig. 2. Normalized Lateral Structure Function for s=0.6 in Approximation B,
Moliére unit is 1= Ey/e cascate units,
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e \2/ e2p2\-P-1 w5
P oo () () e
AT T 2’ (5, P,t) ()M, —5,5,8) . (3+57)
My( p,—5—2p,5, 1) ou

Since M, (0 —5.5, 1) and 3p do not explicitly depend on “¢°’ as

shown in Appendix IV, it may be convenient to express the structure func-
tion by Pq,(c0,0,7,5) instead of the expression Prp,(c0,0,7,1).

The numerical results of the normalized distribution functions are pre-
sented in Tables 1 and 2, and the behaviour of the integral structure

(#/r1)* %P,

I. 0 NN T
= —t =t —i Moliére
H
Our
—
TR
N
10~ = X
N
| \
\
\
\
\
B \l )
| \
10-3 - . A 4§
\
\‘ \
\
U\
107 U
1p-2 10-2 101 1.0 10

/71
Distance from the shower axis in Moliére units

Fig. 3. Normalized Lateral Structure Function for s=1,0 in Approximation B,
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Table 1.
Integral Structure Functions P, of Electrons in the Approximation A. P§I2 is defined
y Er \?-s s . =( Er \>2,, Er \,i Er\_
by P 2—~-(--E-s—) Pp,, and is normalized as‘fo( 5, PH.IZw(—ES—/d(*E;)—l.

Er/E; J 0 0.01 0.03 ] 0.1 0.3 1.0 ) 3.0
P'y,(s=0.6) 0.38 0.34 0.27 0.17 0.05 0. 0044 | 0. 00009
th (s=1.0 1.01 0.91 0.70 0.37 0.15 0.019 | 0. 00065
Ph2(3=1. 4 2.5 1.9 1.35 0.68 0.27 0.041 | 0.0019
Pha(s=2.0) | im( —0.53 | 2.5 1.8 0.99 | 0.37 | 0.60 |0.37

i»o Er
Ty X1n Es)
(7'/71>2_‘PTI2
1.0
—
T
'\\\
\ ‘
\ 7
\\ s=14
N
10-1
; ! Y\
10-2 \\\
X
J
\
\ i
10-3
\
| \
¢ \
\
\
10-4 s
10-3 10-2 10~ 1.0 10

r/r1
Distance from the shower axis in Moliére units
Fig. 4, Normalized Lateral Structure Function for s=1,4 in Approximation B,
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functions for a few different shower ages are shown in Figs. 1, 2, 3, 4, and
5 comparing with the Moliére function. ’

(r/r1)**Pm,

10

I -

L0

2.0

10~

pd

10-2

1t
P

L1
1

10-3

P

1074

10-3

102 ‘ 10~ - 1.0
1’/ 71
Distance from the shower axis in Moliére units

Fig. 5. Normalized Lateral Structure Function for s=2,0 in Approximation B,

10
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Table 2.
The Normalized Lateral Structure Function (#/7.)?3Pn,(r/7:,s) for s=0.6,
1.0, 1.4, and 2.0 in Approximation B, where »,= E;/¢ cascade units.
(r/rx)z'sPﬁz(r/r1, s)
o—2 | 0.6 1.0 1.4 2.0

0. 001 | 1. 950101 4.4 «107 8.5 «10! 2.4
0. 003 1. 9010 4,2 «10 8.0 «10™ 1.92
0.01 1.81.10" 3.9 «10! 7.1 .10 1.40
0.03 1. 58101 3.4 +10 5.8 <107 9.3 <101
0.1 1. 3410 2.65+10! 3.8 «10° 5.3 <10
0.2 1.08.10* 2. 03410 2.6 +10- 3.2 <10
0.5 4.9 +10-2 1. 09+10-1 1.22¢10™ 1.21.10-t
1.0 1. 354102 4.1 +10-2 5.0 +10-2 4,4 +10-2
2.0 2.641072 8.8 +10-® 1. 484102 1.18+10-2
5.0 2.16+107¢ 7.7 «10° 15541074 1.32.10°3

§4. Structure Function without the Landau Approximation

In the preceding section, we were limited only to the structure function
in the Landau approximation. In the Landau approximation higher moments
of the Rutherford cross section are all neglected. Thus the contributions
of plural and single scattering are not included in this approximation, and
the structure function thus derived will seriously be in error at the tail of
the structure function.

The approximation made in the Williams theory® for the multiple
scattering of a single charged particle just corresponds to this Landau
approximation, in which Williams obtained the wellknown Gaussian distri-
bution for the lateral and the angular structure functions. The function,
however, does not agree with the exact one which is obtained without the
Landau approximation not only at the tail of the distribution function but
even in the small angle region.'®

Similar deviations have also been found in the angular structure func-
tion of the electron shower which was obtained by Chartres and Meszel?
without using the Landau approximation. Their treatment, is however,
limited to the angular structure function at the shower maximum in the
approximation A. '

In this section, a theory without use of the Landau approximation is
formulated, in which the contributions of the single and plural scattering
are included. The treatment is based on Moliére’s'® scattering theory for
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a single charged particle.

As was shown in §2, the variation in the number of shower particles
in the interval (6, df) by scattering is given by

[Tso-8racea8 - ["3@rmcora0. (4-1)

Multiplying ¢*“® by the expression (4¢1) and integrating it with res-
pect to 6 from 0 to oo, we get

— [ “neornooan [ 11— fuento2anan, (4+2)

where we have made use of the symmetry property of = () around
the shower axis. As has been shown in §2, the scattering probability is
approximately given by the formula

1 [ Es )2 de
4= In(181Z-v3) \ E | 64

within the region between Omin and Omax.

As in Moliére’s theory, we now take into account only the screening
effect by the outer electrons, and divide the integral, (4-2), in the following
two parts:

I:o(a)[l—fo(50)]0d0#I;+f:o , (4-3)

where 0, is an angle of the order of Omin. The first terms of the right-
hand side of (4-3) can be integrated by parts and gives;

- 1 [ E, B
o, 2In(181Z-73) \ E ) F[l Jo(€0)1do

dy

1 E;
21n(181Z“1/3)\ E )

~ iz (5 ) [ Cogye 7 JolE0o}

](CC:OO) J‘geofo)()y) dy]

_ 1
~ 81n(181Z-V3)

( E )[1+ln2——ln?§00 c+0{(C0,)% ],  (4+4)

where ¢=0.577.... is Euler’s constant.
For the second term in (4+3), Moliére put
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[“ooramoants—goceoy =75 [ ‘acaroas

B 81n(18112-1’3> (%C >2["IHX“+1“0°"%1 (4-5)

For the actual determination of X,, Moliére obtained this value by
using the scattering cross section for the Tomas-Fermi potential. Then, he
gets

X, =020in(1.13+3.76a2), (4+6)
where a is the well-known parameter,

a=Ze*/hc.
Then from (4:2), (4-3), (4+4) and (4+5), we get

rz 1 B 1
. 8In(181Z-73) E2 L 2

-+In 2—C'_II1(XuE)]

Epe Epee
= [ GE] 47
her. E= E, (4+8)
whetre T 2(In 181 Z-7%)1/2
and b=1—2¢c— 1n(%2)2 (4+9)

As can be easily proved, (E;/X.E)? is the approximate number of
collisions of an electron passing through the matter of thickness of one
cascade unit, and then b is approximately equal to its logarithm. Further-
more, as X, is inversely proportional to E, X,E in the formula (4.9) is
independent of E, and & is only the function of the traversing material.

Now, as done in Moli¢re’s theory, we introduce a new parameter, £,
defined by

2—1n 2=5.
Then the formula (4.7) becomes:

K2 (01 K2e2
4E? (1 o 4 )

(4-10)

where we put
K=912F,

Then the diffusion equation of the structure functions without use

of the Landau approximation is given only by replacing BiLe by

9102 ‘LT Ae|N U0 Sedsiol|qIg ap [eleuas) uoidaalIg IWVYNN 2 /Blosfeuinolpioxorsdid//:dny wouy papeojumoq


http://ptps.oxfordjournals.org/

118 K. Kamata and J, Nishimura

%[1—%~1n—{fz£—c: in the equation (3+5), and
([ gea e )(§ o)t rOrne
(g e g EE - B .

This is the basic equation for the structure function without the Landau
approximation, and the numerical values of K and £ for the several
traversing materials are shown in Table 3.

Table 3.
materials C ! Al Fe Pb \ Gs Emulsion 1 Air
z 6 | 13 26 82
K (MeV) 19.2 | 19.4 19.5 19.1 19.7 19.3
2 15.4 * 14.9 14.3 12.9 14.0 15.2

The solution of the equation (4+11) can now be obtained in the similar
way as in the preceding section. As an example, we present here the
der:vation of the angular structure function in the approximation A.

Putting ¢=0 and x=0 in equation (4+11), we get

re Kzgz( __L chz ) .
L'f=-— iE: 1 In “AET I (412)
where f is the Bessel transform of the angular structure function, and
’ 1 r 62 ’ ’ / ’
L'= L6t2 + (A +50)——+(A o,—B'C") |. (4-13)
ar oo

As we did in §3, we first put

= L) E B RV (g v
(4-14)

and substitute the above formula in (4-12).
Since

LR B (B (™

P GRS 5
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(1 9 \"., 1 — K2e2 \w+m
__( 2 an’) L Es1 < 4F>? ) Y, m |

=,E_1H_1_(::%§_2>"’Vm(__.1£_>m<a +1In Iiﬁi) L(s+27+2m) |Yrn, m

nl=mn

el Bl e om.

(4-'15)

where

L(s+2n+2m)=ah1—( 0 +2,(s+2n+2m) )(

5 +4, (s+2n+2m))
; t
AR

ot

Putting #+m=N and (a—an;)m_lL(s+2n’+2m)=L‘”‘"”, (4415) can be

written as

S5 5H1 )s“( i) (— 5 ) (B Ly, a6

M= Neam =0

Now we change the order of the triple summations appearing in the
above formula. As

4 b
w N N-1 1\ chz N 1 \m+ K?Cz U m' , ,
S5 (%) (%) oG Y Lt
(417)

where we have replaced m—I by m'. Comparing the formula (4-17) with
the right-hand side of the equation (4.12) and equating the coefficients

2

. e . K?2g2 K22
multiplied by the products of respective powers of — AET ———and In ( AL ),
we get the relation:

N-1 1 n
Z(“ 7] )n+zClL(n)‘l"N—-n—l, n+l

n=0
=VYy_1-1,0 + Yyot,1o1. (4-18)
Now, we write the series solution, (4.14), as
{oo K g2 Kz;z Kz;

1 E 2 + 0 2 2
f=— 0) daedﬁe “4E ¢ 4r" "iE F(a,p),
4n% _‘w( E fj

(4-19)

9102 ‘LT Ae|N U0 Sedsiol|qIg ap [eleuas) uoidaalIg IWVYNN 2 /Blosfeuinolpioxorsdid//:dny wouy papeojumoq


http://ptps.oxfordjournals.org/

120 , K. Kamata and J. Nishimura

and put the Mellin transform of F(a, 8) as M, ( p,u). Then, since

RACEDE ﬂwmna, B)dads,

we get the relation
F(p+DF (u+1D¥,, o= (p, u), (4+20)

by equating the formula (4.14) to (4.19).
The difference equation difining MM, (p, u) is

%NQ(.—%)"L<ﬁ>(s+2p+2um1(p —n, u+n)

=p W, (p—1, u) +u Wy (p,u—1), (4+21)

with appropriate initial conditions for Wt(0,0), which is easily obtained by
substituting the formula (4+20) in (4.+18).

The inverse Bessel transformation is made as follows. First, we make
use of the relations of the inverse Mellin transformation:

oo

Fla, )=~ [ [apan Tl 2t) (4.22)

ap+18u+1

—4o0

‘ KZCZ
Substituting the above relation in (4+19) and expanding e “IE
+£_ chz 1 chz

2 4E*  4E® jpto the power series of —;— as

;i ii(%)( LGS ﬁi)”’ (4+23)

n=09! 4E* 4E?

we perform the inverse Bessel transformation.
Then we get the angular structure function

1 1

my=n" + 7] T+ g (4-24)
where
E 8 1 E P] E202 —-p-1
0 — ( o) (ﬁ_) <__> F(p+1)M(p,0,s,1),
E E\K K2 ’
—geo (4325)
and

=k j f asap( 22 (5 ) (B VEE) T +2)(p+1) X

—~foo
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% {«k(p +2) At —p—1)— ln%}‘)ﬁl(p, Ls,8).  (4:26)

The series solution, (4:24), just corresponds to the one given by
Moli€re in his scattering theory for a single charged particle.

As in Moliére’s theory, the first term of the series (4+24), i.e., n©@,
represents the spread by multiple scattering of electrons when they are
traversing the matter, and in fact it is just the same function as the solu-
tion (3+31) derived under the Landau approximation except for the slight
differences in the definitions of K and .

The second term of the series, (4:24), is the contribution by the
single scattering and some of the plural scattering. Thus it gives a less
contribution than #‘” near the shower axis (1/2 times smaller than =(®),
but it predominates at the tail of the structure function. At a large distance
from the shower axis, =¥ can be developed in a series of power of 1/0.

Integration in (4+26) with respect to p is carried out under the con-
dition of %-~>1, using the poles of (p+1yY(— p—1) at p=0,1, 2+,

and the formula becomes;

foo s T 202 \ -2
7;{1).:_2%21._ —idws<—.EE—0—) -wé—— {I’(Z)(~€Eg—> EH}1<O’ 1; S, t)

+2r<3)(%‘lgi) Wy(1, 1,5, £+ (427

The first term of the above series represents the effect by the single scat-
tering, and gives just the same function as that obtained by Eyges™ in
his genious theory for the calculation of the effect by the single scattering
in an electron shower.

A similar argument can also be made for the lateral structure function.
In this case we have only to replace ¢ and I, by » and W, respectively
in which the definition of 9, is shown at the end of this section.

Numerical calculations of the integrals in the formula (424) are car-
ried out, and it can be proved that the series (4:24) converges very ra-
pidly. Summation up to the second term is sufficient for the practical
applications as in Moliére’s theory. Numerical results are shown in Fig. 6
comparing with those obtained in other theories.

The other structure functions, such as the lateral structure function in
the approximation B, can be obtained in the similar way as shown above.

At the end of this section, we summarize the analytical solutions for
the various structure functions obtained without the Landau approximation.
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1. Angular structure functions for electrons and photons in the
approximation B
The structure functions are expanded as follows;

1

#i(Eo E, 0,1) =m” +—-m¥ e, (4-28)

1

TI(EO) Wa 0’ t):T§1)+_‘Q—TiI)+"' ’ (4'29)

II1<E0)09 0)t)=]I§0)+_—5]2-—H§1)+”" ‘ (4.30>

where m, and 7r; are the angular structure functions of electrons and
photons with energy (E,E+dE) and (W, W+dW) respectively as defined
in §3.

These structure functions are given by;

- siﬁ u J dsdpdq(ﬁEO)%_(%)ﬂ(_%)a( % >_p.1

XI'(p+DI'(—)P(p,0,4,$,8), (4-28")

MONE. 7141. J_ifdsdpdq(%)s%v_<%> ( W) (W;Zz >_p-1

XT'(p+DI'(—g)Mi(p,0,4q,s,1), (4-29")

- s fJosao Y G (50

XT(p+1r(2p+s)M(p,0, —s—2p,5,1), (430"

® =

and
+4eo

= g | Jasapaa ) (B VUi ) ()
X' (p+2)(p+DI (—q)
s {w(p+2) +¥ (= p-D—In( L) u(p Lg s 5, (4287

e gt (o B ) 0V R0 )G
XI'(p+2)(p+DI'(—q)
< (o2 (= p- 1 ~tn(TT )+ Do Cis 220 )
xMi(p; 1,q,s,1), (4-29")
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10 —
Ef6 E6
=L Pp(0 =7 prlty
K Pri+ g Pm
Angular structure function without
the Landau’s approximation
N\ (Chartres and Messel and ours)*
TN
Angular structure function under
the Landau’s approximation
(Moliére, Eyges and ours)
T " Single scattering theory by Eyges."
107 —
Sl N\ T R
QN \
10-2 I
10-3 [
10+ |
\
10-5 } ' ' AN l
0 1.0 2.0 3.0 4,0
E6/K —>

Fig. 6. Normarized differential angular structure function, P, (s=1), in the
air in the approximation A.
Py, is normarized as

~y , E0 , EO —
jo Zw—de P'[Il—‘l
with K=19.3 MeV and £=15.3.

* The difference between Chartres’s curve and ours is so small that
it can not be represented in this figure,
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- [l 5 ()

XT(p+2)I 2p+2+s)(p+1)

« [{‘P‘(p-f-Z) (= p—1) —1n(f;g§>+2\;»<2p +5+2)}

Xgﬁl(pa 1) ——zp—s——zys’i)——zaaqgﬂlppy17Q) s7t)‘ ]’ (4030’;)
. q

=282,

where M and M are defined by

Epzan< —%)nL(")(s+2p+2u+q)2m1(p——n, n+u,q,s,t)

:pm1<p—1» u,q, S, t) +um1<p9 M"'l, q,S, t) + (S+2p+2u+4)
qu1<p, u, CI—‘]-, S, t) '—% pqml(p—l’ %"{“1, q_l, S, t): (4'31>
and

Mi(p,q,8,t)= IZC(S+2p+2u +q)e "W (p, q, 8, t)dt’ (4+32)

with following boundary conditions.
For the shower from a primary electron

M.(0,0,0,s,t) = H,(s)e '+ H,(s)e*™", (4-33)

and for the shower from a primary photon,

gle (09 O’ 0’ S, t) = /11(553922 (s)f {eM(S)C_ e)tz(S)ﬁ} . (4°34)

2. Lateral structure functions for electrens and photons in the
approximation B

The structure functions are also'expanded as shown above, ‘and are
given by:

1

7z2=7t§0)+.§-7f§1)+ ., (4+35)
To= Tg)) +—}2*Tél) + vee R (4'36)
v wsn

where 7, and 7, are the structure functions of electrons and photons with
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energy (E,E+dE) and (W, W+dW) respectively, and II, the lateral
structure functions of total electrons.
Theze functions are given by:

= = j”dsdpdq( Ly () ()&

><r(p+1)r(—q>wz2<p,0,q,s,t), (4.35")
(%) 3 %) Gr) U )™
><l"(p+1)l’(—q)9ﬁ2(p,0,q,s,t), (4-36")
- = b o B (5™
KT (p+1DT(2p+)Me(p,0, —s—2p,s,8), (4+37")
and.

e [ Jasapanl BV EV(50) (5

><F<p+2)(1>+1>1"( )
R i | L NOR W R0

=gk [ Josanaal ) 3y ) U ) )

XT(p+2)(p+DI'(—q)

x{r(p+2) +«1»(—p—1>—1n( W;f )+g’p—1n(C(s+2p+q+2)>}

xD(p,1,q,8,1), | (4-36")
e fan 2 G (5
XU (p+2)T(2p+s+2)(p+1)

x[{mp(p~{—2)+\ir(—p~—1)- In( EKQ )+2«p<2p+s+2)}

XWlp,1, ~2p 52,50 2 Ma(p,1,,5,0)] )@

q=—2P-2-%
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where M, and M are defined by

ﬁlpcn(—%)nL(’“(S+2P+2u+q)M(p n,n+tu,q,s,t,§—1t)
n=0

=p($-—t>é(1—%m(e——m)M(p—Lu, 0,55 E—b)

+u(é—t)2M(p,u—1,q,s,t,§—t)
+(s+2p+2u+q)gM(p,u,q—1,s,t,§—1t)
2

—quM(p——l,u+1,q~l,s,t,E—t) (4.38)
with
Mo(p,u, q, s, 1) =(l£i_r39101/1 (p,u,q,s,t, 1) (4+39)
and
W= IZC(S+2p+2u+ Qe " M(p,u,q,s,t',t—t)dt (4+40)

with the same boundary conditions as just given by the formulae (4-33)
and (4.34).

§5. Lateral Distribution of the Energy Flow of Shower Particles

The recent advance of the experimental techniques makes it possible
to observe the lateral distribution of the energy flow of extensive air show-
ers. Several works along this line have been published!” to date, and new
information on the structure of the extensive air shower will be obtained
from these experiments.

The general trend of the lateral distribution of the energy flow may be
expected to be as follows:

Take an electron shower with shower age s, then the differential
spectra of electrons and photons are approximately given by

dE/E*, (5+1)

where E is the energy of these particles.

Since the average distance R of the particles with energy E from the
shower axis is approximately given by

R=K/E, (5+2)
the energy spectrum (5-1) results in the distribution of R
RdR/R?*. (5+3)

This is the lateral structure function of the shower particles,
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On the other hand, the differential spectrum of the energy of these
particles is

dE/E". (5+4)

Then the lateral distribution of the energy flow of these particles is approxi-
mately given by

RdR/R*, (5+5)

This shows that the lateral distribution of energy flow is 1/R times steeper
than that of the particle number. This is due to a simple fact that the
particles with high energies are less scattered from the shower axis.
Quantitative calculation can be made as follows. Let II,2nrdr and
I'y2zrdr be the lateral distributions of the energy flow of electrons and
photons respectively. They are represented by the following formulae:

/. J:dE Eny(Eo E,r,1), (5+6)

Ty [ aW Wry(Eo, W,7,0), G+D)

where 7, and 7, are the lateral structure functions defined in §3.
Integration with respect to E in the formulae (5+6) and (5+7) yields,

+doo

nee e o 2 N )

XT(p+1I'(s—1+2p)Me(p, —2p—s+1,s,1), (5+8)
- ' Eo Vo[ & \2 22 \7?!

=" Ujgdp< e0>(Es ) E? >
XT(p+DT (s—1+2p)M(p, —2p—5s+1, s, D). (5+9)

It is sometimes useful to represent II, and I'y in terms of the structure
function, I7,, given in §3.
The average energy of the electrons at a distance 7 from the shower

axis is given by s and we put

m,

My _ . 7 (l)

H2 ¢ /4 ge 71

I'y 71 ( v )
and Ly T
1l II2 € r g? 7., /.

Numerical calculations of g. and gy are carried out at the shower
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Table 4,

7/71 | 0
Le (7’/7’1) ‘ 0. 15

gy (r/r) 0.21

0.01
0.15
0.26

0.4
0.12
0.45

0.1
0.14
0.82

1.0
0.14
0.83

2.0
0.20
1.8

102 —

10

1.0

10~

0.01 2

7/71

Fig. 7. The relation between energy and the number of electrons at the shower
' maximum as a function of the distance from the shower axis,
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maximum, and the results are shown in Table 4.

This shows that g is almost constant near the shower axis; thus g.
and g, are approximately given by 1/7%° as predicted in the beginning. of
this section. ,

At a large distance, however, g, and g, increase nearly in proporfion
to the distance from the shower axis, thus the average energy of the
shower particles remains almost constant in this region. The result may
be interpreted in the  following way. The mean free path for the pair
creation of the photons remains almost constant for all over the energies.
Thus low energy photons can travel up to a large distance from the shower
axis, and the electrons lying in this region are produced from these low
energy photons. These low energy electrons can travel only a short distance
because they lose their energies by the ionization process. As a result the
average energies of the shower particles at varying distances from the axis
remain constant, and photons are much more accumulated at a large distance
from the core compared with the electrons.

§6. Applications of Our Theory to the Cosmic Ray' Phenomena
1. Application to the electron showers observed in nuclear emulsions

The recent developments in the nuclear emulsion techniques have
made it possible to observe the full development of the high energy elec-
tron showers in a large stack of emulsion.

Electron showers observed in emulsion are started by a photon or an
electron, or two 7 rays from a n° meson in a jet produced in the stack.
Thus the energy determination of the shower is important not only for the
study of the pure electron showers but for the study of the high energy
nuclear interactions.

Electron showers in emulsion are observed under a microscope usually
over an area along shower axes extending to several hundred microns from
the axes. For example, the K. Pinkau'® adopted the following way. The
energies of individual electrons are measured by the scattering method, and
the energy spectrum of electrons within the circle of a radius 7 from the
axis is obtained. '

As shown already, high energy electrons concentrate near the core.
Then, if we take the circle of a certain radius », most of the particles with
energies larger than a certain value, i.e., of the order of K/», are lying
within the circle. Thus, if we limit ourselves to such high energy electrons,
they are treated by means of the linear cascade theory in the approxima-
tion A. He applied this method to several showers observed in G stacks
(12" % 16" G5 emulsions), and could determine the energy of an incident r
ray or electron,
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Another approach to the energy determination of electron showers can
be made by making use of their transition curves as follows. As the radius
r is at most several hundred microns, 7/K is much smaller than the re-
ciprocal critical energy. Thus, in this case, we can apply the approximation
er/K<1 to the expression (4:37) for the lateral structure function, and
‘the number of electrons within a radius 7 is expressed as

j "orydrll, = f "oy dr IO +——;—J" "onrdr P 4, (6+1)
0 4] 0
where

r 1 + ds / E ¥ )s < S ) ( S )
e 7,[[(0)_ 0 I —_ Sll} — 0,0, s
JOZE d 2 271 J -t S \ K 1 2 2 2 T ’t

and (6-2)
Jzmrarme =L o B r(i-)[(1e5)

)
><zm~2< 1—_2— 1,0, s,t>—55§m2(p, 1,0,s, t)|p=_1_%]. (6+3)

It should be remarked that E and 7 in the above formulae always ap-
pear as a combined product E7/K, not as separate variables. This makes
the expression very convenient for making practical applications.

The numerical calculations of the above expressions for the shower of
an incident r ray are carried out, and the results are shown in Table 5.

Table 5.
Number of electrons of a photon-iniciated-shower within a circle of radius 7 in
emulsions calculated without the Landau approximation.
E : energy of the incident photon
t : depth in emulsions measured in cascade units.

1 C.U.=2.83cm in Gs emulsions.

Er(Gevy) \
\ 5108 104 24105 5+10* 105 ; 24105
1C. U. 1.8 2.15 2.45 2.8 30 3.2
2 4.0 5.7 8.5 12.1 15.1 18.1
3 5.3 8.2 12.6 20. 6 29.5 41.0
4 5.7 10.2 18.2 33.7 52.0 79.0
5 1.6 9.5 19.0 39.0 67.0 110
6 2.6 6.4 14.5 34.0 66. 0 125
8 1.0 3.0 8.5 25. 0 55. 0 120

‘The table displays the behavior of the transition of the number of electrons
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within a radius 7», and therefore gives the lateral distribution of electrons
under a certain cascade unit.

Comparing the observed transition curves with our theoretical curves,
we can determine the energy of the electron showers without making any

Our theoretical curve

- —e— Experimental data by Pinkau

100 [~
Number of ele-
ctrons within B
a circle of
radius 7 g

10
e
- —— 3C.U.
! L 1 1 ! 1 y |
102 10¢ 108 10° Geva
N
N
100 100
10 10
- »
5-5C.U. 7C.U.
1 1 ‘ 1 | | S 1 ! ! i
10+ 105 10, Gevu 100 10° Gevy
Ec?’ Eo?‘

Fig. 8. Comparison of our theoretical curves with Pinkau’s data. Depth quated
here is measured from the point of incident pair electrons,
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tedious scattering measurement of the particles.

In Fig. 8, comparison is made between Pinkau’s data and the theoretical
curves, and the agreement is fairly good.

An extensive application of our theory to the electron showers in emul-
sion was made in the so-called “Emulsion Chamber project ! which was
carried out through collaboration of several laboratories in Japan. The pro-
ject was made to study the dynamical properties of high energy jet showers
in cosmic rays.

The 111us-tra?:10n .of Type A.
the chamber is in Fig. :
9, in which the materi- = 20 cm

al of the low atomic ‘
number is put in the
upper half of the cham-
ber as the producing
layers of the jet show-
ers, and the high Z
material below as the
detection layers of the
electron showers from
a produced #° meson.
If a jet shower is
produced in the upper .
half of the chamber, fimpty Space {
the r rays from =°
mesons generate the

Carbon 10 cm

4 cm

. 6 cm
. electron showers in the Lead
detection layers after l
penetrating  through

the low Z material Fig. 9. Illustration of the emulsion chamber,
layers without any ma- »
terialization. Then, we can observe separately individual electron showers
which have started from individual v rays resulting from mesons, because
the spatial separation among these 7 rays becomes large by travercing a
certain distance from the production point of the jet to the detection layers.

The energies of r rays are measured by comparing our theory with the
observed transition curves of the number of electrons within a circle of radius
7 'under the successive lead plates, an example of which is shown in Fig.
10.

Once we observed the electron showers with a distinct double core struc-
ture, and if it is clear that they are due to two 7 rays from a =° meson,
then we can make an independent test of the precision of our theories.
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No. of
electrons
M 4x101ev
40 p~
2x10tev
20 — 1x10tev
10 |-
Theoretical curves
A ﬁlJ Experimental data.
| A
@)
40 2.8x10vev
Fig. 10,
» Comparison of our
20 N 1.4%101ey theoretical  curves
‘ with  experimental
data obtained . with
the Emulsion Cham-
10 0.7x10%ev ber, Comparison is
made for the number
of electrons within a
circle of radius 254.
4 ] | | | | ]

1 2 3 4 5 6 C.U.

Using the kinematical relation between the opening angle of the two r rays
from a #° meson and its energy, we can get information on the energies of
these r rays. The energies thus determined are compared with those
estimated from their cascade transition curves, and, as shown in reference
19, the agreement is quite good.

2. Application of our Theory to the Extensive Air Showers

As is known, electron showers observed in an extensive air' shower
start from many =° mesons which are produced at each step of a nucleon
cascade in the atmosphere. - Thus our structure function should not be com-
pared directly with that observed in extensive air showers.

The electron showers having many sources disirivuted in space can be
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treated in the following way. :
First we consider a simple case in which 7° mesons are produced only in

the shower axis and decayed r rays run in the same direction as the axis of
the air showers.

Let F(Eot) dE.dt be the number of such r rays with energy (Eo, E,
+dE,) that decayed from the n° mesons produced at the depth between #
and ¢+dt cascade units below the top of the atmosphere. Then the struc-
ture function I at the depth T is given by

0= ["dE, [ atF(Eo tyTu(Es, 0,7, T—0). 68

Substituting the formula (328) in (6+4), and integrating with respect
to Eq and ¢, we get

II~LF(S’ T)f(”’ S>e7\1(8)1', (6'5)
where

La(s, t) = deEo(Eo/e)s f :th(Eo, £e-hwe, (6+6)
and f(7,s) is jche structure function of shower age s, s being defined by
/LS 14, 5y T =0 (6+7)

The absorption mean free path of these particles, L, at the depth T
can be derived from the equation (6+5), and it is given, using (6+5), by

~ /D=L (o). 68)

As Ly is a monotonously increasing function of 7T, we get from (6-8)
1/L>2(s). (6+9)

Taking 150—250 gr/cm? of air as the observed valuse of L at mountain
altitudes,

2,(s)<—-0.15~—0.25.
Then we have
s>1.2~14,

Now, it becomes evident that the structure function in this case can
be represented by that of a single cascade with shower age s, which is:
determined with the aid of the absorption mean free path L at such a

large distance from the axis that the spread of the parent particles can be
neglected.
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At the center of air
s showers, the spread of main
%\} sources can no longer be

100 neglected. = The observed
t Experiment structure function deviates
50 |- RS " Thear.curve from that of the single
30 |- ' cascade, and from this devi-
2 I } ation the magnitude of the
spread of main sources can

ﬁ\ﬁ{ L be estimated.
10 f Comparison of the one

5 - observed by Soviet group?®
with ours is made in Fig.

Flux density of shower particles in arbitary unit

3r 11, and this deviation ap-

2 - pears within a few meters
from the shower axis.

1 i1 ! 1t P .

100 2 3 5 100 2 3 5 10 Mathematical treatment

including the source spread
can also be made by using

Distance from the core in Moliére unit

Fig. 11, Comparison of Structure Function with

Experiment. Experimental results were the Bessel transforms, as-
obtained at Pamir Mountain (3860) by suming the shape of this
Soviet group, and the solid line represents spread.

the structure function for s=1.4. From the spread of

these main sources, we get
information on the transverse momenta of high energy =7° mesons, the
values of which are estimated to be ranging from 100 Mev/c to 1000
Mev/c for =° mesons with energies 1012—10%2ev.
Along the line of such considerations one of us (J. N) has pointed out
the importance of the properties of the transverse momentum by referring
to the data obtained with emulsion.

§7. Discussion and Summary

Three dimensional cascade theories here presented are based on the
approximation B with and without the Landau approximation. Thus the
theories are developed with fewer physical assumptions than any other
theory. It is pointed out that the structure functions of the number and
the energy density of the shower particles near the shower axis are well
approximated by 1/7*° and 1/#%~, where s is the shower age of the cascade.

‘The theories are applied successfully to the analysis of the lateral spread
of the extensive air showers and the electron showers observed in large
stacks of emulsion.
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It seems worthwhile to examine the relation between our theories and
several other theories.

1) Moliére’s theory?

The Moliére function was the first one that has been extensively used
for the analysis of the structure of extensive air showers. In his theory,
Moliére started from the Landau equation in the approximation A. After
the Fourier transformation of this equation, the solution at s=1 was obtain-
ed in a form of power series of x?*. The series are just the same as our
solution (3+10) at s=1 in section 3.

He approximated this series by

a a—1 o
ATy (L4 B0 7D

where @, «, and B are constants and are given by

a=3.473
a=1.05
£=0.912.

Applying the inverse Fourier transformation to the above, he got the
lateral distribution in the approximation A at shower maximum (s=1).
The contribution of the low energy particles was taken into account by using
Arley’s approximation. As is well known, the number of particles with
energies smaller than the critical energy is evaluated to be too small in
this approximation than in the exact theory. Thus, his theory would give
us the steeper lateral structure function, because the contribution of the
scattering is inversely proportional to the energy of the particles.

In spite of the above differences between the approximations made in

the two theories, his function agrees quite well with ours at s=1 as shown
in Fig. 3. ‘

2) Roberg and Nordheim’s theory®

In their ingenious treatment, referring to the one dimensional cascade
theory, they have derived the expressions of <#?" >, and <0% >, in
integral forms.

The equivalence between their theory and ours, can be proved as
follows: :

As shown in §3, <r*>,,.and <06* >,,. in our theory are represented
by ;
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<> B RGCAT Yo S 7-2)
) jwn22nrdr E= o We(p=0,¢=0,52) °
s zjooznmzm?do _ nlEP  W,(p=n,q=0,s ! 7.3)
N jmﬂlznﬂdﬂ, E® DV, (p=0, ¢=0,s,1) ° ;
G
Since

ml(pzn) q=0, S, t)

_—_n‘f;mePZn—l, q=0, S, t,)ml(p=0, q:O’ S+2n, t"t,>dt,,

(7+4)
and

My(p=n, q=0,s,1)
.—_—_nJ";EUQ(O, 0, S+2n, t-t') (t—t’)2M<n*'1, 0, s, ¢ t—t’)dt',
they give (7+5)

E an‘wzz(o,o,wzﬂ,t_t')(t——t')zM(n—l,o,s,t',t—t')dt’
<, =”!”(“E“s‘> ; 0%,(0,0, 5, 7) ’
and (7-6)
an;iml(o, 0,5+2m, t— )My (n—1,0, s, ') dt’

(0,0, 5,0

<O >0 =n! n(%)
(7D

These expressions are just the same formulae as those given by Roberg
and Nordheim. :

For the numerical calculation they have used cross sections for the
radiation and the pair creation somewhat different from ours. The results
of their numerical evaluation in comparison with ours are shown in Table
6 and the agreement between these two is fairly good.

3) Eyges and Fernbach’s theory?

At first, they have derived the recurrence formulae of <7?*>, and
<0%*">,, from the Laundau equation in the approximation A. The structure
functions were constructed using the moments which were derived from the
above recurrence fomulae. Afterward, the contribution of the ionization loss
is also taken into account in an approximate way.

- As M, (p) and M,(p) have close connection with <r#*>, and <62>,
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Table 6. Mean square average of the structure function for s=1.0. The
comparison of Roberg-Nordheim’s results (abbreviated as R-N in
Table 6) with ours. Here,

“:r%z%rdr [ Zd E“l‘:r%ﬂnrdr

—_— 2 — L
<>, = J.:szﬂﬂ’dr and <rp>,, = J‘Z IE I:WZZW Ir
. \ P> g, <> av,

E/e \ R-N Ours R-N Ours

o 0.6 2 )| omea( B ) oma(B) | oam(Ee)
10 0. 49 0.58 0.18 0.20

7 0. 46 0.53 0.17 0.18

5 0.43 0.46 0.16 0.17

3 0. 40 0. 36 0.14 0.14

2 0.33 0.28 0.125 0.11

1.5 0.30 0.22 0.105 0. 090

1.0 0.5 ()| o (E) o 085(%8—)2"| 0.064(£2- Y
0.75 0.28 0.21 0.12 0.087 -

0.5 0.39 0.32 0. 165 0.125

0.4 0.46 | 0.40 0.19 0.16

0.3 0.60 0.53 0.235 0.19

0.2 0.86 0.82 0.31 0.26

0.15 1.13 1.02 0.48 0.31

0.10 1.6 1.31 0. 46 0.39

0.05 2.8 - 1.58 0.64 | 0.53

and as our difference equations for M (p) with positive integer p have just
the same forms with their recursion equation, it may easily be seen that
their treatment is included in our theory as-a special case of our theory.

4)  Messel and. Green’s theory2"

They have pointed out the importance of the higher moments of scat-
tering angles in the Rutherford cross section. Then, they set up the equa-
tion including (K32C2/4E?) + (K2¢2/AE%)%+ ... instead of using (EC%/4E?)
in equation (35).

In their general approach, they have also calculated in the approxima-
tion A the second moments of the structure function of the cascade deve:
loped in the isothermal atmosphere. ' ‘

In our theory, the higher moments of the Rutherford scattering angles
are taken into account in the structure function derived without the Landau
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approximation.

The second moment of their structure function in the isothermal air: just
coincides with ours as shown in appendix II.

5) Green and Bergmann’s theory®?

The behavior of the differential structure function near the core of
Moliere’s as well as of ours is represented by

r-2+s+(2/3)

in the approximation A. On the other hand, in their treatment without
the Landau approximation, Green and Bergmann proved that the singulari-
ty is expressed more exactly by

A(@»+B~%—+C1nr>

’

where A, B, and C are the function of f.

They have also stated that the different behaviors presented by other
theories are due to the different approximations used by respective authors
and, consequently, that Moliére’s function and ours give incorrect behaviors
near the core. h

It can be proved, however, that the singularity remains to be the
‘same as in formula (3+43), even if we take the structure function without
the Landau approximation derived in §4. The behavior near the core is
mainly determined by the following two reasons.

(1) At the first stage of the development of the cascade showers, the
thickness of the traversed matter is thin enough, so that the particles are
scarcely scattered. Then the particles remain near the core without suffer-
ing the scattering. \

(2) The ancestors with higher energies, which are less scattered from the
core, produce more particles. As a result particles accumulate near the core.

It can be shown that the singularity presented by Green and Bergmann
is in fact due to the former reason, (1), while ours is due to the latter,

Since the cross section of the Rutherford scattering is so large that the
probability without suffering any scattering is much reduced after travers-
ing the proper thickness of material. Thus the singularity due to the rea-
son (1) is practically less important in an actual case, even if the order of
singularity of the structure function due to (1) is higher than that which
is due to the reason (2).

In fact, for the showers under the proper thickness, say twenty cascade
gnits or so, it can be proved that the absolute value of our structure func-
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tion is much larger than that obtained by themselves for #>10-5 mm in the
air at a mountain altitude.

In conclusion, the authors express their appreciation to Prof. Y. Fuji-
moto and Prof. S. Hayakawa for their stimulating discussions throughout
this work, and to Prof. J. M. Blatt, Prof. K. Greisen and Prof. H. Messel
for their kind and valuable comments on this work. The authors are also
indebted to the members of the air shower group in Japan for their helpful
discussions, and Mrs. H. Aizu and Mr. A. Tachibana for their numerical
culculations. :

Appendices

I. Approximate Formulae for our structure functions.

Since the evaluation of our structure functions requires the long and
tedious numerical calculations as stated in Appendix IV, it will be very con-
venient to set up a simple asymptotic formula for the practical applications.

The following formula, f(»/7,, s) was derived from the numerical re-
sults of Py, (7/7:,s) illustrated in Figs. 2, 3, 4, and 5;

() [ ( ] ~a(8)(r/ PO .
f(r/rl’ S) (7/71) 98 1 + (4/8) \7/1’1) e ’ (I 1)
which is normalized as
[ fems2aeirodemy =1, 12
where
o) —— 4 L 915(8—
d(b) ——S_eo o 1), (1.3)
_ 1 .
b(s)=0.15+ 145 (I-4)
. as/b
s b
2"{’" (F)+ —o— }
The numerical values of a(s), 6(s) and c¢(s) are tabulated in Table 7.
Table 7
s 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

a(s) | 9.6 5.76 4.61 4.16 4.00 4,00 4,12 4.32 4.62 5.00
b(s) | 0.984 | 0.864| 0.775 | 0.706 | 0.605 | 0.650 | 0.566 | 0.535| 0.507 | 0.483
c(s) | 0.042 | 0.101 | 0.189 | 0.3056 | 0.462 | 0.64 0.87 1.20 1.68 2.30
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The values c¢(s) for the large s listed in Table 7 are somewhat different
from the values given in the fromula (I-5), because the formula (I1)
does not accurately represent the structure function for 7/7.>1, which gives
a considerable contribution to the integral (I-2) for the large s.

The formula for s=1.0 shows a quite good agreement with Bethe’s ap-
proximation formula derived from the Moliére function which is given by,

1 V2 2/3
r/v =0.45——(1+44 e~ 4l | I-6
| fr/ry =045 —(1+4). (1-6)
(r/r)*sf(r/r, )
1.0 T
“{{Exact calculation
T |
= —t —i—+_(Greisen’'s Formula
v ‘ Omf,_ Formulaj -
T v K P ] S=06
"‘un...’??fm
10 ; S
\\. NG
NE N
Nl N
\. \\
.\
\. :
\\.\
_ | \
10-2 \“‘
3\
B\ Y
N\ ’
A
\
%
4\
10-3 L
\
‘ L}
| WA\
Vi
\ \
\ !
| ¢
. T
10-+ }

103 10-2 101 1.0 10
v/71 ’
" Distance from the shower axis in Moliére units

Fig. 12. Asymptotic Formula of the Structure Function for s=0.6. Dotted line
represents the exact calculation, dashed line Greisen’s formula, and
solid line our formula,
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It should be noted that the formula is not applicable in the case in
which the primary energy is not infinitely large when compared with the
mean energy of shower particles and the details will be disccussed in
Appendix IIL

Recently the following formula has been proposed by Greisen,2®

— 5-2 1 .
ffr=e@ = (1+2)" a7

where ¢(s) is the normalization factor. His formula is simpler than ours,
but our formula (I-1) has a wider applicability than his formula.

(/)P sf(r/rs, 5)

1.0 T
I; )I(alcltl ca lcula[tion
b b el Greiseln’s Formula
e e S e —~ Our Formula
Y a."“\ ~
§=1.0
\\
N
10-? \ } T
. AY T
N
M\
N
NN
AN
A\
\

L A

——
L~

™)
P

103 . \\

LT

-

| et
="
-

104

10-3 10-2 10 1.0 10
/71
Distance from the shower axis in Moliére units

Fig. 13. Asympotic Formula of the Structure -Function for s=1,0,

9T0Z ‘LT Re N uo sed9101|q1g ap [eseues) uoiddaild INVYNN e /Bio'sfeusnolployxosdid)/:dny woly pepeojumod


http://ptps.oxfordjournals.org/

The Lateral and the Angular Structure Functions of Electron Showers

143

The numerical results of our asymptotic formula are illustrated in Figs.
12, 13, 14 and 15 comparing with Greisen’s formula.

well with our formula for 0.6<s<1.0 but deviates from ours for. 14<s=2.0.

His formula agrees

II. Effect of the variation of the air density on the structure fune-

tion only in the homogenious matter.

tions.

So far we have been limited to the calculation of the structure func-

In actual cases, however, the exten-

'sive air showers develop in the atmosphere; hence variations in the density
of air with height should be taken into account in the calculation.
It is plausible to consider that the observed shower particles are mainly
(/r)2sf(r/rs, 5)

1.0 T TR
— lExact c)alcul}ati([)n
=t~ | Greisen’s Formula
e | L L N | |
P~ Our FOfmul:l
RN |
R S=14
N
. N\
10— D,
N
A\
\\
\
10-2 N
\§
AW
\ X
)\
\-
v
L\
\ &
v
10- \ 1%
-
1 | 0
‘ ]
\
\\
10+ -
107 10-2 10-¢ 1.0 10
@ 7’/7’1

Distance from the shower axis in Moliére units

Fig. 14. Asymptotio Foimula of the Structure Function for s=1,4,
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deflected in air between the observation point and the point that lies one
cascade unit above that in the space, because the ancesters of these particles
have much higher energies at higher altitudes, and they are less scattered

/v )2 sf(r/ry, s)

10
- ;;&.;; J
1.0 i
- i a4 ] Exact calculation
- TN ] 111
el o e bt it | Greisen’s Formula
ur Formula
- T
<~ HH—S =2.0
10'! et —— —— v —— "L- —_— L-—'——n—._ o \\.‘ |
—— \ ; -
- ,
‘\\ :
v\ '.
\b Q
1\ \‘
AVAY
| W\
10-2 ¢ AN
Y
LS
-— — \ -
‘\.'
1\
.
W
\§
10-3 L\ \;
.
A\ It
A}
10+
102 10-2 10 1.0 10

/71
Distance from the shower axis in Moliére units

Fig. 15. Asymptotic Formuia of the Structure Function for s=2.0,
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compared with the observed particles. This consideration led Janossy to
point out that, if we are to make comparison between experimental data
and the structure function calculated in homogeneous matter, we should
take the air density at a point of one cascade unit above the observation
point.

Messel and Green?" have treated this problem in a quantltatlve way,
but they were limited to the structure function in the approximation A.

- Here we formulate the equations for the structure function in inhomo-
geneous matter. The Landau equations in homogeneous matter are given
by equations (3+1) and (3+2), which are replaced, in inhomogeneous mat-
ter, by

(T) , E, o
[at pp(t> (0 j — A'n+ B’ T+‘4E2797C+86E , (II.]_)
T80  o(T) (40 !
| [755’*%“ \®%r JT:C”“"O% (I-2)

In these equations p(7) and e(¢) are the density at the depth 7 and ¢
cascade units respectively: 7T is the depth of the observation point and 7
is measured by the length of the cascade unit at 7.

The operator ,%+(0 (,?r) for homogeneous matter is now replaced by
o(T) ) .
at A0 (0 or (I-3)

For the isothermal atmosphere, we may put

o(T) T
o(t) -

(11.4)

Here, as shown in §3, after the Fourier transformation it is now useful
to introduce the following new wvariables, { and ¢, mstead of using the
Eyges transformations, defined by

C=xT (In§—1In?t"),
( ) } (I1-5)
t=t.
Then, we get 0 -I—<x—6—>= 9 . Landau’s equation for the isothermal
ot o¢ ot ‘

atmosphere is now given by

[+ (A2

i + (Ao BC) ] f

az'

:(%u)[ fE TH(né It e 0 Jf (11-6)
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The solution of this equation is identical with the structure function
for the constant air density except the different definition of X, which is
given in this case by

L(s+2p+ @ M( 5,05, =( 2 4+0) (pT*(né —1nt)*M(p—1,¢,5.8
+(3+2P+Q>QM<P; (I”‘l» S, t)} (II'7)
with
‘,)lTE=slitr_r>10 M.

In order to get the solution of the diffusion equation, we first develop
(In§ —1Int')? as

<1nE_lntl>2: (E—‘t,>2 (l_{_ (S'—‘t'> _1_1_ (S__t/)2 i (E—t,>3+.”).

g2 £t e 6 &
(I1-8)
If we develop M as
m m '
— 2f ~~*0 1 .
Mt T T ) 1)

then M, is just the same function as the one obtained in homogeneous
matter.

The consequence corresponds to the fact that the structure function in
the isothermal atmosphere is, as a first approximation, given by the structure
function in homogeneous matter with the density at the observation point,
because the series (II+9) converges very rapidly.

As was shown in §7, <#r?>>,,. is proportional to J( p 1), then from
the series(II-9) it may be approximated by

<P TP =Y 11-10)
(T~ 2T, )
®,

Then we should measure the length by cascade unit at cascade unit

29,
above the observation point for making the comparlson between the theore-
tical curve and the experimental data.

As was shown in the paper of Bhabha-Chakraberty'?, the exact solution
of equation (II-7) for p=#n, ¢=0 is given by

M(p=n, g=0) = lim nrim(o, 0, s-+2n, T— 1) T?(Iné — Int)?

(E-7)—=>0J) 0

x M(p=n—1, g=0, s, )dt , (11-11)
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which may be interpreted as the general extention of the Roberg-Nordheim
formula, and which also corresponds exactly to the solution given by Messel
and Green.

The numerical calculations of zggj}z‘— are carried out both in the appro-
0

ximation A and B for several ages, and the results are shown in Table 8.

Table 8
Numerical Results of %— Eg;l in the approximation A,
0
s 0.6 1.0 1.4 2.0
i 0.98 1.75 3.3 7.43
'E‘ wzo . . . .

1

20,
which hardly depends on s because ¢,=0.7733.

In the approximation B, the value of is approximately given by

3
20,

Thus it seems reasonable for the comparison of theory with experi-
ment to take the air density at about two cascade units above from the
observation point.

III. Numerical calculations of the structure function near the core
for the finite incident energy

In §3, we have presented the numerical results of the lateral struc-
ture function which were calculated assuming that the parent energy of
a cascade is infinitely high. In the vicinity of the shower axis, however,
the mean energy of shower particles is so high that the parent energy E,
of the shower can no longer be regarded as inﬁnitely large. Furthermore,
as the core structure of the extensive air showers would provide a powerful
clue to the knowledge of the angular spread of the source particles, it is
desirable to separate the core spread due to the spread of the parent
particles emitted in the high energy nuclear interactions from that due to
the Coulomb scattering of shower particles in the cascade. Then it seems
necessary to present the detailed behavior of the structure function near the
shower axis, and to estimate to what degree the structure function of a
certain finite incident energy deviates from that of the infinite incident
energy.

To get the structure functions for the finite incident energies, we first
define the ratio as

_ Pu,(EoFoo,7,8) .
R(Eq,7,5) = PEZ(EZ":OO,;’E)* . (III.1)
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The numerical calculation of R(E,) is simpler than that of the direct calcu-
lation of Py,(E 3o00,7,s) itself.

As the structure function Py,(E,=c0) for the infinite parent energy
was already obtained in §3, R(E,) Py,(E,=0c0) gives the structure function
for a certain finite value of E, The numerical calculation of R(E,7,s)
can be performed approximately in the following way.

At first, from the equation

Kt In(Eo/0) (15 =0, (m-2)

where Yr(x) =71d5£1nl’(x), we evaluate ¢ for the certain values of (E,/¢) and

s. The age parameter s appearing in (III-2) is the same one defined in
the one-dimensional cascade theory, and so represents the age of the shower
as a whole at the depth f.

Next, using the value of ¢ thus obtained, the value of s’ is evaluated
for a certain value of /7, from the equation

H(sHt+1n(Eo/e) ~%«p(1 —%) +1n(r/ry) =O. (111-3)

The value of s’ here obtained depends upon the distance from the
axis, 7/7y, and s’=s for »=7,. This s’ is the one which should be used
for the calculation of the structure function for a finite value of E,/¢. Then
the ratio R(E,) is given by

’

W(—-5-) r(1-5) [aees te(i-5)
n(5) ) e bt

xexp[ds{ln(Eo/e) +In(r/r)} + {A:(s") — 4. (s)} L], (III4)

R(Eo> =

where ' (x) = 7?;7111 I'(x), and ds=¢g"—s.

. The numerical results of Py, (E,,7,8)=R(Ey) Py,(E;=00,7,s) are shown
in Figs. 16 and 17 for s=1.0 and 1.4 respectively for several different
values of E/e.

As can be seen from these figures, the structure fuunctions for the finite
incident energies become flatter near the shower axis when compared with
the one for an infinite incident energy. The deviation occurs within about
one tenth of Moléire unit, and the lower the incident energy and the shorter
the distance from the axis, the larger the deviation becomes.
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Fig. 16. Structure Function for the finite incident energy. s=1.0. The number
attached to each curve represents the incident energy of the shower
in terms of the critical energy.
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Number of shower particles Pnz(EO, 7, 8)
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v/71

Distance from the shower axis in Moliére units

Fig. 17. Structure Function for the finite incident energy. s=1.4. The number
attached to each curve represents the incident energy of the shower
in terms of the critical energy,
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IV. Numerical evaluations of M(p,q,s,?)

For the actual numerical evaluation of the structure functions, it is
necessary to get the numerical values of M(p,q,s,?) from the difference
equation in §3. A similar difference equation already appeared and was
treated in the usual linear cascade theory, and in fact, the equation defin-
ing M(p=0,q,s,t) coincides with the usual difference equation appear-
ing in the linear cascade theory!?"!®. This is because, if we neglect the
effect of the Coulomb scattering, the structure function obtained in §3
and §4 must be the linear cascade function, and in this case M(p,q,s,t)
appears only in the form of M(p=0,q,s,?) in the structure function.

As is shown in the paper of Bhabha-Chakrabarty'®, the solution of the
difference equation (338) is given by

M(p,q,s,8,6—t)= f;imm, 0,5+2p+q,t—1)

x{p(6—t)2M(p—1,q,s,t,&—1)
+q(s+2p+q)M(p,q—1,s,t',6—t)}dt. (IV.1)

Under a certain boundary condition, we can obtain the numerical values
of M(p,q,s,t) for any values of positive integer p and ¢ using the above
formula.

As is easily seen from the above solution, MM(p,q,s,?) is usualy re-
presented by a polynomial containing e®%, @h@Hr, ..eeiee.. , et gl rDE
--------- ,in which all the terms except those containing ¢"‘** can be neglect-
ed provided £>1.

Another different approach for obtaining the numerical values of
M,(p,q,s,t) is the operational calculation.

The equation (3+38) can now be written in an operational form as

0
o
M(P:q,s;t,f'*ﬂ: ) ) F) A
(L —tuGs+2p+0) (57— Hals+20+0))
X [p(é—t>2M<p'—1,Q9satx$“t)
+q(s+2ﬁ+q)M(p,q—1,s, t’S_“t)]- (IV'Z)
Putting ¢=0, we get
M(p,0,s,t,&—t)= 8H1<3+2P> n 6H2<S+2132m
—ﬁm L(s+2p) B —Ay(s+2p)

W (pE—1)* M(p—1,0,5,,6—D)}. (Iv-3)

9T0Z ‘LT Re N uo sed9101|q1g ap [eseues) uoiddaild INVYNN e /Bio'sfeusnolployxosdid)/:dny woly pepeojumod


http://ptps.oxfordjournals.org/

152 K. Kamata and J. Nishimura

Then if we limit ourselves to the terms containing ¢!, it can be written
as

M(P, 0,s,t, 'S—-t):eh(s)ﬁ[ Hl(s—-l—zp)

0
6—t+l1<s) —2:.(s+2p)

4 . H,(s+2p)

- T4(8) —A:(s+2p)

][P(S—t)zM(p—l, 0,5t &— e M,
ot

(IV-4)

The above expression gives approximate values of M;(p,q,s,t) with posi-
tive integer p for £>1.

For the values of M,(p,q,s,t) appearing in the angular structure func-
tion, we can put §—f¢=1. If we limit ourselves to the terms containing

e)\l (s)t’ we get

B H,(s+2p) Hy(s+2p)
Mi(p,0,s, t)—p%(p—'l»o’s’f)[ 2:(s) — 4, (s+2p) + 2,.(8) —2,(s+2p) ]

=L(p)M(p—1,0,s,8). (IV+5)
Since lim—L%—gl')l—): , W (p, 0, s',t) for any value of p is given by

M, (p,0,s,¢) =lim LD L(I—1)-L(1)

e L(I+8)L(n+d+1) v-6)

where n+0=p and # is the integer.
For the values of V,(p,0,s,f) any simple approximate formula similar

to that of Y, cannot be obtained, because in this case (,% operates (S—t)2

in the formula (IV+3). The value of W,(p,0,s,t) for any value of p is
obtained by an interpolation using the values of M,(p,0,s,¢) for the posi-
tive integer p.

For the negative values of p, M (p,0,s,¢) has a pole at p= %——%—
Thus =, is represented by 1/72”8’; #/3) pear the shower axis as shown in the
formula (3+43).

The existence of the pole at p= S

5 can be proved as follows:
Let

w‘r—*

- o~ (_x2>p _ 1 e s 2D
G(x) —EWM<1)’O’S’ t)-—zz’fji_if( px M(@Ovz;i])di
o7

be the generating function of Wi,(p,0,s,t), then G(x) satisfies the follow
ing equation:
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{“562 =P G- (-G, av-8)
: Bt %

The solution of this equation is

2653 e —x2(E—tN)? rcr
65 [ - B Joar,

o

£t

where the upper and the lower limits of the integral are determined using

the property that G must be zero at the limit §—¢= —fg—zoo.

Now the first term in the above integrand implies a factor
1
AG= [ 16— A-0)'GxA-v)]e@)dn. (IV+9)
This is reduced to

AG= I:[G(x) —°G (xv) Je(v)dv .

- [Teo-(FYew -5 )¢

At the limit x=0c0

6= [ Too-( 2o ba- )%

and remembering

._.L "\'___.1___._= .L IXXXENTYX]
¢(1 % )N 1—(y/%) 1t ’
we get
lim A'G=1lim G(x)mhm s+1 Sa.(E—E)" (IV.10)

In the second term in the integrand there appears
1 u b))
B'CG(x(¢—1), %) =2 j 4 0) du j "Glaw(E-1), xv)vsco(——u—>~———

=2 [ywan["6re-0), wywe(-L )L,

At the limit x=oco, the above formula becomes
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BO) ("6, 51ay. av-11)
’ 4]
Putting
j:Gys-idy=zbn<s—t)n,,
we get
lim zg'c'G“: 1.365(0)en " j”e—vo@—wdt"f “Gy-idy.  (IV-12)
B->co ‘*—l—ﬂ x _ 4]
at 0 (£-1)

To see the behavior of G at x=o, we take the lowest order of power
of 1/x in the above expressions (IV+10) and (IV+12).
Thus the solution of (IV+8) becomes at the limit of x=o0

lim G =255 2 j: e~ ZE5P =G (s—t)nat. (IV+13)
B->co (E~0) n
Putting (§—1)3%=2, we get
wE-D? = g :

lim G=1lim ¢ 25> f €3 bm3/s Sie.a3dz
(E-1)0 (58350 -ty 38

a —(1/8)—(n/3)

=mper(4)(5) T e (IV+14)

Remembering the definition (IV-7), we can conclude that M,(p,0,s,t)
has a simple pole-at p=—(s/2)—(1/3). After finding this pole, an ex-
trapolation is made for the values of M,(p, 0, s, #) from the positive side
to the negative side of the p-plane.

A similar argument is also made for M;(p,0,s,%) in the angular dictri-
bution function, and it can be shown that ¢, has a 31mple pole at p= — (s/2)
—1 instead of — (s/2)Y=(1/3).

After obtaining the values of M (p,0,s,t), we can solve the equation
by varying ¢ for fixed values of ».

Then, we get M(p,q,s,¢) with any values of p and q.
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